This paper is concerned with a pair of second-order mixed symmetric dual programs involving nondifferentiable functions. Weak, strong, and converse duality theorems are proved for aforementioned pair using the notion of second-order F-convexity/pseudoconvexity assumptions.
Introduction
Duality is a fruitful theory in mathematical programming and is useful both theoretically and practically. Duality as used in our daily life means the sort of harmony of two opposite or complementary parts through which they integrate into a whole. Symmetry is bound up with duality and, in particular, is significant in mathematics. The problem of optimizing a numerical function of one or more variables subject to constraints on the variables is called the mathematical programming, or constrained optimization, problem. When either the objective function or one or more of the constraints are nonlinear, the programming problem is called a nonlinear programming problem, a discipline playing an increasingly imperative role in such diverse fields as operations research and management science, engineering, economics, system analysis, and computer science.
Dantzig et al. 1 , Mond 2 , and Bazaraa and Goode 3 studied symmetric duality in nonlinear programming. Later, Chandra and Husain 4 formulated a pair of Wolfetype nondifferentiable symmetric dual programs and proved duality results under convexity/concavity assumptions. Subsequently, Chandra et al. 5 weakened these assumptions to pseudoconvexity/pseudoconcavity. Mond and Schechter 6 presented two symmetric dual pairs involving nondifferentiable functions. Kumar and Bhatia 7 discussed multiobjective symmetric duality by using a nonlinear vector-valued function of two variables corresponding to various objectives.
Mangasarian 8 presented a dual problem associated with a primal nonlinear programming problem that involves second derivatives of the function constituting the primal problem. The study of second-order duality is significant, as it can provide a lower bound to the infimum of a primal optimization problem when it is difficult to find a feasible solution for the first-order dual. Bector and Chandra 9 achieved duality results for a pair of Mond-Weir-type second-order symmetric dual nonlinear programs. Hou and Yang 10 formulated a pair of second-order symmetric dual nondifferentiable programs and established duality theorems under second-order F-pseudoconvexity assumptions.
Chandra et al. 11 and Yang et al. 12 discussed a mixed symmetric dual formulation for a nonlinear programming problem and for a class of nondifferentiable nonlinear programming problems, respectively. Later on, Ahmad 13 formulated mixed type symmetric dual in multiobjective programming problems ignoring nonnegativity restrictions of Bector et al. 14 .
In this paper, a pair of second-order mixed symmetric dual programs is presented for a class of nondifferentiable nonlinear programming problems. Weak, strong, and converse duality theorems are proved using the notion of second-order F-convexity/pseudoconvexity assumptions. These results generalize the known work in 6, 10-12, 15-17 .
Preliminaries
In this section, we presented some of the basic definitions used in the paper. Definition 2.1. Let C be a compact convex set in R n . The support function of C is defined by
A support function, being convex and everywhere finite, has a subdifferential, that is, there exists z ∈ R n such that
The subdifferential of S x | C is given by
For any set S ⊂ R n , the normal cone to S at a point x ∈ S is defined by
It can be easily seen that for a compact convex set C, y is in N C x if and only if S y | C x T y, or equivalently, x is in ∂S y | C .
Definition 2.2.
A functional F : X × X × R n → R where X ⊆ R n is sublinear with respect to the third variable if for all x, u ∈ X × X,
ii F x, u; αa αF x, u; a , for all α ∈ R and for all a ∈ R n .
Let ψ : X → R be a real-valued twice differentiable function.
Definition 2.3. ψ is said to be second-order F-convex at u ∈ X with respect to q ∈ R n , if for all
Definition 2.4. ψ is said to be second-order F-pseudoconvex at u ∈ X with respect to q ∈ R n , if for all x ∈ X,
ψ is second-order F-concave/pseudoconcave at u ∈ X with respect to q ∈ R n if −ψ is secondorder F-convex/pseudoconvex at u ∈ X with respect to q ∈ R n .
Second-Order Mixed Nondifferentiable Symmetric Dual Programs
Let |J 1 | denote the number of elements in J 1 . The other symbols |J 2 |, |K 1 | and |K 2 | are defined similarly. Let
It may be noted here that if J 1 ∅, then |J 1 | 0, J 2 N, and therefore |J 2 | n. In this case,
Now we formulate the following pair of mixed nondifferentiable second-order symmetric dual programs and discuss their duality results. 
Then,
Proof. By the second-order
3.13
Since 
Using 3.14 in 3.12 and 3.15 in 3.13 , we have
3.16
Adding the above two inequalities, we obtain
3.17
Substituting the values of a 1 and a 2 in 3.17 , we get
3.18
Using
3.19
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By hypothesis C and the dual constraint 3.8 , we obtain
3.20
which on using the dual constraint 3.9 yields 
3.24
Using 
S x
3.28
3.30 
Special Cases
In this section, we consider some of the special cases of the problems studied in Section 3.
i If J 2 ∅ and K 2 ∅, then our problems SMNP and SMND reduce to the programs PP and DP studied in Gulati and Gupta 17 .
ii If J 2 ∅, K 2 ∅, C 1 {0} and D 1 {0}, then SMNP and SMND are reduced to the programs SP and SD studied in Gulati et al. 16 with the omission of nonnegativity constraints from SP and SD .
iii If J 2 ∅, K 2 ∅, p 0, and q 0, then SMNP and SMND become a pair of symmetric nondifferentiable dual programs considered in Mond and Schechter 6 with the omission of nonnegativity constraints from the programs P and D studied in Mond and Schechter. x By eliminating the second-order terms, our problems are reduced to the programs MP and MD studied in 12 with the omission of nonnegativity constraints from MP and MD .
Concluding Remarks
It is to be noted that previously known results 6, 10-12, 15-17 are special cases of our study. It is not clear whether the second-order mixed symmetric duality in mathematical programming can be further extended to higher-order multiobjective symmetric dual programs formulated in 19 .
